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Abstract 

A new 8-dimensional conformal gauging avoids the unphysical size change, third order 
gravitational held equations, and auxiliary helds that prevent taking the conformal group 
as a fundamental symmetry. We give the structure equations, gauge transformations and 
intrinsic metric structure for the new biconformal spaces. We prove that a torsion-free 
biconformal space with exact Weyl form, closed dilational curvature and trace-free space- 
time curvature admits a sub-bundle of vanishing Weyl form homeomorphic to the Whitney 
sum bundle of the tangent bundle and the bundle of orthonormal Lorentz frames over 4- 
dimensional spacetime. Conversely, any 4-dimensional spacetime extends uniquely to such 
a normal biconformal space. The Einstein equation holds iff the biconformal basis is or¬ 
thonormal. Unconstrained antisymmetric trace of the spacetime curvature provides a closed 
2-form, independent of the Weyl vector, consistently interpretable as the electromagnetic 
held. The trace of the spacetime co-torsion decouples from gravitational sources and serves 
as electromagnetic source. 
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1. Introduction 

Three long-standing difficulties hinder use of the 15-dimensional conformal group as 
an underlying symmetry of spacetime: the prediction of unphysical size change, the cubic, 
third order form of the gravitational held equations, and the auxiliary held problem. These 
difficulties are puzzling, since the conformal group is mathematically natural (it is a simple 
group) and physically necessary (since we certainly can use local units if we choose). We 
overcome these problems by using a new 8-dimensional gauging of the conformal group. We 
show that the resulting class of non-Riemannian diherential geometries has a well-dehned 
subclass equivalent to the class of 4-dimensional spacetimes. 

The hrst of the three problems is that of unphysical size change in scale-invariant theories. 
Since the hrst introduction of scale invariance by Weyl in 1918 [1-5], the physical changes 
of size induced by a non-integrable dilational gauge potential have prevented identifying 
that gauge held with the electromagnetic potential despite its having the proper gauge 
dependence. Ultimately London [8] made the hrst steps toward our current U(l) gauge 
theory of electromagnetism. But while electromagnetism is well understood, the presence of 
size change still provides an obstruction to the direct use of conformal gauge theory. 

The second difficulty with conformal gauge theory is the complexity of the gravitational 
held equations. Szekeres [49] showed that the conformal equavalent of the vacuum Einstein 
equation includes an expression cubic in the spinorial components of the Weyl curvature 
tensor and third order in derivatives of the metric. While this more complicated held equation 
poses a technical problem rather than an objection in principle, it would be more satisfying 
if a simple limit of a conformal gauge theory led directly to the Einstein equation. Of course, 
the third order equations can be avoided by using a Weyl geometry instead, but then we 
lose the extra symmetry provided by the conformal group. Moreover, there has been no 
satisfactory interpretation of the dilations in 4-dimensional Weyl geometry. 

Finally, while conformal gauge theories in 4-dimensions provide eleven gauge helds on 
spacetime, Crispim Romao, Ferber and Freund [40, 41], and independently Kaku, Townsend 
and Van Nieuwenhuizen [42] showed that four of them are auxiliary - their held equations 
could be solved algebraically, allowing the helds to be eliminated from the problem (see also 
[38, 39], [43,44]). Wheeler [32] extended the result to any conformal theory quadratic in the 
curvatures. 
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We resolve all three of these difficulties by gauging the conformal group over an 8- 
dimensional base space instead of the usual 4-dimensional spacetime base space. To em¬ 
phasize the resulting differences from the usual gauging, including the effects of the reduced 
fiber symmetry and the presence of a duality relation which holds between two sets of 4- 
dimensional variables, we call the new space biconformal space. Our central result is a 
set of necessary and sufficient conditions for the resulting 8-dimensional base space with 

7- dimensional hbers to be homeomorphic to a 4-dimensional Riemannian spacetime with 
11-dimensional hbers. This result leads immediately to a simple invariant characterization 
of the Einstein equation in biconformal space, as well as a new geometric candidate for the 
electromagnetic held. 

It is easy to see that the new gauging immediately resolves all three existing problems 
with conformal gauge theory. The auxiliary held problem evaporates because the four helds 
which would have been auxiliary instead necessarily form half of the solder form on the 

8- dimensional base space. Since the solder form is required to give a basis, it is manifestly 
impossible to eliminate any of the eight translational gauge helds. The problem of dilations 
is also solved, because despite the presence of nonvanishing dilational curvature on the 8- 
dimensional space the embedded Riemannian spacetime is dilation-free. Finally, we will 
show how the existence of an invariant equivalent to the Einstein equation hinges on the 
reduced hber size. Instead of the 11-dimensional symmetry of the usual conformal gauging, 
the 8-dimensional gauging has only the 7 symmetries of the homogeneous Weyl group. For 
the class of normal biconformal spaces this 7-dimensional hber symmetry leaves the usual 
Einstein equation both scale and Lorentz invariant. 

Beyond a statement of the necessary and sufficient conditions above, we hnd that the 
antisymmetric part of the spacetime projection of the co-solder form (i.e., the extra four 
components of the solder form) provides a new geometric candidate for the electromagnetic 
held. Unlike previous unihcations of gravity and electromagnetism based on scale symmetry 
[1-30], this identihcation is independent of the presence or absence of the Weyl vector. We 
identify the trace of the spacetime part of the co-torsion as a phenomenological electromag¬ 
netic source, and show that it decouples from gravitational sources. While the presence of 
two electromagnetic-type gauge helds (the Weyl vector and part of the new co-torsion held) 
suggests the possibility of a geometric model for the electroweak interaction, we suggest as 
yet no specihc candidates for the particles. 

One further note on our gauging is in order. Instead of basing our arguments on a 
particular globally conformally invariant action and introducing guage helds to make the 
conformal symmetry local, we will use standard hber bundle techniques [34-37, 45, 46] to 
build a mathematical structure consistent with any action which can be built from the con- 
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formal curvatures and other natural structures on the space. This has the double advantage 
of greater generality and of making the underlying mathematical structure clear. 

The organization of the paper is as follows. In Sec. (2) we dehne some basic notation and 
terminology. Then in Sec. (3) we present the new gauging of the conformal group, including 
its structure equations, gauge transformations and metric structure. Sec. (4) consists of a 
lemma used in proving the central theorem. The lemma gives the consequences of vanishing 
torsion (but not co-torsion) for the form of the connection. Our central theorem, proved in 
Sec. (5), states that the vanishing Weyl vector sub-bundle of a torsion-free biconformal space 
with exact Weyl vector, closed dilation and trace-free spacetime curvature is homeomorphic 
to the Whitney sum bundle of the tangent and orthonormal frame bundles of a 4-dimensional 
Riemannian base manifold. Finally, in Sec. ( 6 ), we determine held equations for Einstein 
gravity and Maxwell electromagnetism as geometric conditions in biconformal spaces. 

2. Preliminaries 

Our notation for a Riemannian geometry is as follows. Let e“ = and be the 

vierbein and spin connection 1-forms, respectively, of a 4-dimensional Riemannian spacetime 
{M,g), with metric 5 ^,. = where gab = diag{l,l,l,-l). Let denote the inverse of 

the matrix of components of the vierbein. Differential forms are denoted by boldface or 
greek symbols, and the wedge product is always assumed between adjacent forms. We use 
Greek indices for coordinate bases and Latin labels for orthonormal bases. The two sets of 
1-forms satisfy the Maurer-Cartan structure equations 

(ie“ = e^ujl (2.1a) 

ch:t=u:lujt + Rl ( 2 . 15 ) 


where Rt = is the curvature 2-form. Eqs.(2.1) describe a connection on the 10- 

dimensional principal hber bundle of orthonormal frames. The bundle has a 4-dimensional 
base space and Lorentz hbers. 

The Ricci tensor and scalar are given by Rab = R^" acb R = g°-^Rab and the Weyl 
curvature 2 -form constructed from R^ may be written as 


_ I 

— 2 ^ 


bcd^ 


_ zpa 


^hd 


( 2 . 2 ) 


where 

Ra = Rabe^ = -^{Rab “ ^gabR)e^ 


and 


^ iWb - v^'^Vbd) 


( 2 . 3 ) 


( 2 . 4 ) 
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The expression for TZab is easily inverted to give 


Rab = -‘i.TZab — rjabTl (2.5) 

Therefore, knowledge of the pair C^,TZa is equivalent to knowledge of the complete Riemann 
curvature tensor, R^. 

Quite generally, the Bianchi identities or their generalizations may by found by exte¬ 
rior differentiation of the Maurer-Cartan structure equations. For example, differentiating 
eq.(2.1a), then using eqs.(2.1) to replace the resulting differentials gives the first Bianchi 
identity: 

0 = = de^ujl — e^dio^ 

= + Rl) 

= -e^Rt ( 2 . 6 ) 

The cancellation of the non-curvature terms is a general property of this type of calcula¬ 
tion, since it is a necessary consequence of the consistency of the original Maurer-Cartan 
structure equations for the underlying group. Thus, we may immediately write the second 
Bianchi identity from eq.(2.1b) by replacing the differentials of the connections with the 
corresponding curvatures: 

0 = d'^Lo^ = dbul^l - ujldbul -h dRl 
= Rlbjt-bjtRl + dRl 

= DRl (2.7) 

We will refer to certain well-known generalizations of Riemannian spacetimes. One 
generalization is to spaces in which the Christoffel connection acquires an antisymmetric 
part. The antisymmetric part is a tensor held called the torsion which may be written as a 
vector-valued 2-form T“. In a spacetime with torsion, eqs.(2.1) are modihed to 

de“ = + T“ 

di^l=u:tbjl + Rl 

and the Bianchi identity corresponding to eq.(2.8a) becomes 

DT'^ = dT'^ + T^bjl = e^Rl (2.9) 

A Riemannian spacetime with trivial frame bundle is called parallelizable. In this case 
there exists a choice of the connection with torsion, for which the Riemann curvature van¬ 
ishes. 


(2.8a) 

(2.85) 
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We will also use Weyl spacetimes. Weyl spacetimes are based on the 11-dimensional 
Weyl group consisting of Lorentz transformations, translations, and dilations. The dilations 
may be thought of as local changes of units (or “gauge” or “scale”). The gauge vector of 
these scale changes is called the Weyl vector or Weyl form, W. Under changes of scale the 
Weyl form changes by an exact differential. 

The structure equations of a Weyl geometry are 


de“ = + We^ 

(2.10a) 

dwt = + Rl 

(2.105) 

dW = ^ 

(2.10c) 


Eqs.(2.10) describe a connection on an 11-dim principal hber bundle with 4-dim base space 
and hbers isomorphic to the homogeneous Weyl group. The dilational curvature (or simply 
dilation) fl vanishes if and only if W is closed. A Weyl spacetime with vanishing dilation 
permits a choice of scale such that locally W = 0. When W is exact this result is global, and 
the Weyl spacetime reduces to a Riemannian spacetime. 

The torsion and Weyl generalizations above may be combined to give the structure 
equations for a Weyl spacetime with torsion 

de'^ = + We^ + (2.11a) 

(2.11b) 

dw = n (2.11c) 

The structure equations for biconformal geometry developed in the next section generalize 
eqs.(2.11) still further. Eqs.(2.11) are therefore a useful guide to understanding the bicon¬ 
formal structure equations. 

Finally, we use the simple idea of a Whitney sum bundle. Given two vector bundles on 
the same base space with fibers isomorphic to vector spaces Vi and V 2 , the Whitney sum 
bundle is that vector bundle with the same base space and hbers isomorphic to the direct 
sum vector space, Vi © V 2 . 

3. Biconformal geometry 

The spacetime conformal group is that 15-parameter group of transformations which 
leave the 4-dimensional Minkowski metric invariant up to an overall scale factor. It consists 
of 6 Lorentz transformations, 4 translations, 4 inverse translations^, and 1 dilation. 

^ The inverse translations have also been called special conformal transformations, conformal boosts, 
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Following Klein [35] and Cartan [34], we construct the biconformal bundle in two steps. 
First, an elementary geometry is found by taking the quotient, C/Co, of the conformal group, 
C, by its isotropy subgroup, Co. Then we generalize the connection to that of a curved 8- 
dimensional space by the addition of horizontal curvature 2-forms to the group structure 
equations. This general procedure guarantees us a Cartan connection on a principal hber 
bundle with hber symmetry Co. 

For our present purpose, what is important in this general procedure is the identihcation 
of the isotropy subgroup, Co. If the full conformal group is to act effectively and transitively 
on the base space, the isotropy subgroup must contain no normal subgroup of the conformal 
group. In the case of Poincare gauging (see, eg., Utiyama [36] and Kibble [37]) this means 
that the only possible principal hber symmetry containing the Lorentz group is the Lorentz 
group itself. By contrast, the conformal gauging leaves us more than one choice for a hber 
symmetry containing the Lorentz group. While the standard approach to conformal gauge 
theory uses the inhomogeneous Weyl group as the hber symmetry, we note that there is little 
principled distinction between the translations and the inverse translations. We are thus led 
to consider the homogeneous Weyl group as Co, leaving all eight translations to span the 
base space. As pointed out in the introduction, this immediately solves the auxiliary held 
problem, since the symmetry which was auxiliary in the 4-dimensional gauging is converted 
to additional coordinate freedom of the base space in the 8-dimensional treatment. 

The choice of the homogeneous Weyl group as hber symmetry also follows if we distin¬ 
guish the conformal transformations based on their hxed points. Noting that translations 
always have exactly one hxed point when acting on compactified Minkowski space^, we hud 
a class of eight conformal transformations (i.e., the four translations and the four inverse 
translations) having a single hxed point (inhnity or the origin) while the remaining Lorentz 
and dilational transformations leave both the origin and inhnity hxed. 

We now implement the construction, using the linear S'0(4,2) representation of the confor¬ 
mal group for our notation. Letting the indices (A, i?,...) = (0, 1 ,..., 5) and (a, 6, .. .) = (1, ... ,4), 
the £'0(4,2) metric tjab is given by {rjab = diag{l, 1,1, -1), 7705 = 7750 = 1 with all other components 
vanishing. Introducing the connection 1-form we may express the covariant constancy of 
PAB, as 

DrjAB = dpAB - PCBUJa - PAC^^b = 0 

accelerations, or elations. We prefer the term inverse translations because the name better reflects their geo¬ 
metric significance as translations in inverse coordinates (y>^=-x>^jx^) on compactified Minkowski 

space. 

^ A special point and its compactified null cone are added at infinity to accomplish compactificaton. See 
[47], [48] 
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so that wg = The conformal connection may be broken into four independent 

homogeneous-Weyl-invariant parts: the spin connection, the solder form, Wq, the co-solder 
form, and the Weyl vector, Wg where the spin connection satishes 

(3.1a) 

and the remaining components of are related by 

= wg = 0 (3.15) 

= -w)) (3.1c) 

(3.1d) 

= -VabUJo (3.1e) 

These constraints reduce the number of independent connection forms to the required 15 
and allow us to restrict [A, ...) = (0,1,... ,4) in all subsequent equations (note, however, that 

all implicit sums must include the equivalent “5” index in the sum). The structure constants 
of the conformal Lie algebra now lead immediately to the Maurer-Cartan structure equations 
of the conformal group. These are simply 

dujfj = ujb<^c (3-2) 

When broken into parts based on homogeneous Weyl transformation properties, eq.(3.2) 
gives: 


j CL c a I 0 a. ad 0 c 

d^b — ~ Vhc'T] 

diOQ = uiqUJq -|- ojgUJb 

dwg = oJqOJ^ (3.3) 


Note that the exterior derivative d used in eqs.(3.3) includes partial derivatives in all 
eight of the base space directions. When we use coordinates, we will divide them into two 
sets with raised and lowered index positions as in coresponding to the index positions 

on Partial derivatives will have correspondingly inverted positions, thus. 




d(j) 


d>^f = 


d(j) 

dy,. 


These index positions provide a quick key to the scaling weights of helds, with raised Lorentz 
indices having weight -i-l and lowered Lorentz indices weight -1. No weight is associated 
with 0 indices. In general, we do not freely raise and lower indices with a metric. 



The generalization of eqs.(3.3) to a curved base space is immediate. We have: 

diol = “ VbcV°''^^d‘^0 + ^6 


— ^6*^“ + ^bc‘^d ‘^0 + ^6 (3.4a) 

dij^ = (3.45) 

dui° = w°Wq + ui^uj° + (3.4c) 

duj° = cdScj° + 0° (3.4d) 


Eqs.(3.4) are the structure equations of biconformal space. While all of the 2-forms are 
curvatures, for convenience we will call the curvature. Og and will be called the torsion 
and co-torsion, respectively, and the dilation. If we set w°, wg and the corresponding 
co-torsion and dilation to zero, we recover the usual structure equations for the connection 
of 4-dimensional spacetime with Riemannian curvature Og and torsion tig, eqs.(2.8). If we 
set only a;° = 11° = 0, the structure equations are those of 4-dimensional Weyl geometry with 
torsion, eqs.(2.11). 

It is important to realize that the dilational curvature of a biconformal space is a different 
function of the connection than the dilational curvature of a Weyl geometry. From eq.(3.4d) 
we see that the dilational curvature in a biconformal space is 

Hg = dUJg — OjQOJa 

whereas that of a 4-dimensional Weyl geometry is given by eq.(2.10c) as 


n = dW 


It is the dilational curvature, fl or Og, that is responsible for the physical size changes dis¬ 
cussed in the introduction. But while the only way to have H = 0 in a Weyl geometry is for 
the Weyl vector to be pure gauge, W = d4>, in biconformal space vanishing dilation, Bg = 0, 
actually requires that dwg ^ 0. In [33] this fact was used to show that biconformal space 
provides a satisfactory model of the electromagnetic held, predicting the electrodynamics of 
a charged point particle. In that model, part of the Weyl vector is interpreted as the electro¬ 
magnetic vector potential. In subsequent sections of this paper we will show that another 
way to avoid size change in physical models is to identify spacetime with a submanifold on 
which tig vanishes, even though Bg ^ 0 for the biconformal space as a whole. 

A second important fact about the 8-dimensional gauging of the conformal group is 
seen from the effect of gauge transformations. For the full conformal group, eqs.(3.3), ujg 
transforms according to 

4 ’b = c ~ B ( 3 - 5 ) 
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where is the inverse of the local SO(4,2) transformation Relations analagous to 

eqs.(3.1) hold between the different components of and similarly allow the restriction 
A, i?... = 0,1,..., 4 (except for sums). Written in terms of the Lorentz covariant parts eq.(3.5) 
becomes, for example. 


4’b — A“ {, + A“ g Wq A° j — r7“'^r7h/A*^ w)) A-^ q + A“ g w)) A'^ {, + A“ q Wq A°; 


- K'^ f - c ^0° 0 - rfA“ ,A^, - rfA“ gAO, - ry^^ryfed^AO ^A'^ g (3.6) 

Similar expressions hold with the indices a and/or b replaced by 0. Now, when the gauging is 
over a 4-dimensional base manifold, the bundle no longer posesses translational invariance, 
so all terms containing A“g drop out, leaving 


= A% A\ + A% A^ - ry-ryi,d A*^, 4 A'^ f - ciA“ ,A^ , 

b^O 0 
d 


= ARu;': AO 


UJ 


0 

o = AO 




c 

r.O _ , ,0 I aO , fi \0 7a0 to 


■A°go;OA\ + 


A\u;°A\-dA\A\-dA\A\ 


{3.7a) 

(3.75) 

(3.7c) 

(3.7d) 


Notice that the solder form cog becomes tensorial with respect to the hber symmetry. This is 
what makes the spacetime metric tensorial when general relativity is treated as a Poincare 
gauge theory. 

In biconformal space, the base manifold is spanned by both coq and together. This 
removes both translations from the hber symmetry, leaving 


u;t = A\bjyA\-dA\A\ (3.8a) 

u,S = A\u;^,A\ (3.85) 

cd° = A\u;°A\ (3.8c) 

cul{ = cdH - dA° oA° g (3.8d) 


Eqs.(3.8) are the gauge transformations of the biconformal connection. Now both sets of 
solder forms are tensorial. Also, even though the base space is 8-dimensional, the Lorentz 
transformations remain 4-dimensional matrices (but with 8-dimensional functional depen¬ 
dence), with the co-space indices transforming with inverse Lorentz transformations. As 
a result, there are many tensorial components to the curvature. Indeed, not only are the 
curvature, torsion, co-torsion and dilation tensorial, transforming as 


P^ = A%PSA^ 

(3.9o) 

Pg=A“,OgA°g 

(3.95) 

P°=A°gP°A\ 

(3.9c) 

OO 

II 

OO 

(3.9d) 
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but it is important to remember that each of these separate curvatures takes the general 
form 


— 5 ^Bcd ^0‘^0 + ^Bd + i ^B^'^ ^c^d 


(3.10) 


Recalling that the solder and co-solder forms are tensorial, the three terms of these curvatures 
will not mix under the Lorentz transformations and dilations of the hber group. Based on 
the relationship between biconformal space and one-particle phase space demonstrated in 
[33], and on the results of Sec. (6) we will call ^scd = ^B[cd] spacetime term, 0^0 the 
cross term, and the momentum term of each homogeneous-Weyl-invariant type 

of curvature. Notice that while these terms do not mix along the hbers of the biconformal 
bundle, they do mix under changes of the basis Finally we note that the 2-form, 

du)°, is also invariant. 


We now turn to the metric structure of biconformal space. While the £'0(4,2) metric 
is preserved by conformal transformations, this 6-dimensional metric cannot be straightfor¬ 
wardly used to give a metric on the 8-dimensional base space. However, every biconformal 
space has another natural metric structure based on the Killing metric. The Killing metric 
is built from the conformal group structure constants as 


Kab = 




cP 


AD'-'BC 


1 /\ac 
~2^db 

0 

0 

0 



(3.11) 


where 


(d,R...) e{(«),(s).(°).(^)}. 


When this metric is restricted to the base manifold, A and B are restricted to {(“), (°)} and 
the metric takes the form 


Kab 




(3.12) 


This is clearly invariant under homogeneous Weyl transformations. The metric Kab has 
all eigenvalues equal to ±1 and zero signature, so that given the Lorentz structure of the 
underlying 4-dimensional geometry the diagonal form is necessarily diag{r]ab, -ry®**). The metric 
provides an indehnite inner product between the basis forms, or 


(Wg, Wq) — 0 

(wg, a;°) = 6^ 

(^a,^°)=0 (3.13) 
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where = {K~^)ab = Kab- Expanding in a coordinate basis we write 

= (3.14) 

where M g {(^), (J} and = {xf^,y^). The components of the metric become 

= {dx^,dx^) 

= K^^Ua^uib^ (3-15) 

with inverse to gMN in the usual way. Notice that the metric structure in this conformal 
gauge theory is intrinsic to the base space while the metric structure of Poincare gauge theory 
relies on a coincidental identihcation between two spaces. To see this difference clearly, recall 
that gauge theory makes use of two different (possibly metric) spaces: (1) the (gauged or 
ungauged) group manifold itself, the base space of which becomes the physical space and 
(2) the representation space on which the group transformations act. These spaces are not 
a priori related. In Poincare gauging the projection of the Poincare Killing metric onto 
the 4-dimensional base space of the group manifold vanishes. The existence of the usual 
spacetime metric used when general relativity is regarded as a Poincare gauge theory is 
therefore not an intrinsic property of the group manifold, but instead occurs because the the 
representation space is coincidentally isomorphic to the base space of the ungauged group 
manifold. The same metric may therefore be used. By contrast, for conformal gauging the 
projected Killing metric is nondegenerate, and is already dehned on the group manifold. 
The coincidence which was required by the Poincare gauging does not even occur for the 
conformal group, where the representation metric tjab is 6-dimensional. But the conformal 
group does not require a coincidence. 

The origin of the metric in gauging the conformal group also gives an additional moti¬ 
vation for choosing the 8-dimensional gauging used here over the 4-dimensional conformal 
gauging used elsewhere [38 - 44]. Notice that when Kab is projected onto only a 4-dimensional 
base space, it again vanishes. Thus, 4-dimensional conformal gauge theory also relies on a 
coincidental isomorphism for its metric structure. 

While this metric structure is important in biconformal spaces, it is necessary to realize 
that not all orthonormal frames may be reached by motion on the hbers, which provide only 
4-dim Lorentz transformations and dilations. Thus, the 15-dimensional biconformal bundle 
is much more rigidly structured than the full 36-dimensional bundle of orthonormal frames 
of an 8-dimensional pseudo-Riemannian geometry. It is this restricted hber symmetry that 
allows the invariance of both the S'0(4,2) metric and the Killing metric. 

With our underlying structures thus established, our goal now is to hnd a 1-1 relationship 
between 4-dimensional pseudo-Riemannian spacetimes and a subclass of biconformal spaces. 
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and in the process to gain insights into what new features are possessed by the biconformal 
spaces. We are especially interested in formulating general relativity within the context of 
conformal gauging, anticipating that the extra conformal helds may supply some insight into 
the known fundamental structure beyond general relativity. The main result of this paper 
accomplishes the desired 1-1 mapping. 

Our central theorem states a set of necessary and sufficient biconformally-invariant con¬ 
ditions for the biconformal bundle to be homeomorphic to a Riemannian spacetime. This 
equivalence requires both the existence of a 14-dimensional wq = 0 sub-bundle of the bi¬ 
conformal bundle, and an isomorphism between four dimensions of the biconformal base 
manifold and the tangent space hbering over the Riemannian spacetime. The homeomor- 
phism therefore identihes the 14-dimensional biconformal sub-bundle with the Whitney sum 
of the Riemannian bundle of orthonormal frames and the Riemannian tangent bundle. The 
resulting dual character of a normal biconformal space as simultaneously a 4-dimensional 
Riemannian and an 8-dimensional biconformal space allows us to easily write the held equa¬ 
tion of general relativity in a biconformally invariant manner. 

The central theorem may also be expressed in terms of the full 15-dimensional biconormal 
bundle, in which case the homeomorphism is with the triple Whitney sum of the bundle of 
orthonormal frames, the tangent bundle, and the bundle of Weyl gauges. 

In addition to the proof of the main theorem, we show a class of biconformal spaces in 
which there is a closed 2-form, independent of the Weyl vector, which can be interpreted 
as an arbitrary electromagnetic held. In concluding we present biconformal held equations 
including phenomenological stress-energy tensor and electromagnetic current density which 
yield the full Einstein and Maxwell equations, respectively. 

The necessary and sufficient conditions of the proof (described further in subsequent 
sections) are the following: 

1. Vanishing torsion, fig = 0. 

2. Symplectic dilation: The dilation fig is closed and the Weyl vector wg is exact. 

3. Trace-free spacetime curvature: fig^^ = 0. 

Conditions (2) and (3) require some clarihcation. Condition (2) calls the dilation symplectic 
because when wg is exact the dilational structure equation requires fig to be nondegenerate. 
Being both closed and nondegenerate, fig is symplectic [50]. Condition (3) holds only in a 
particular class of frames. The existence of this class of frames is guaranteed by conditions 
(1 & 2). A biconformal space satisfying conditions (1-3) will be called normal. 

We note in passing that the symplectic condition (2) gives the biconformal manifold both 
symplectic and almost complex structure. It is a simple matter to rewrite the biconformal 
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structure equations as a real homogeneous Weyl fiber bundle on a 4-dimensional complex 
base manifold. These implications of these structures will be examined elsewhere. 

4. Torsion-free biconformal spaces 

Our goal is to find necessary and sufficient conditions for the existence of a 1-1 relation¬ 
ship between 4-dimensional pseudo-Riemannian spacetimes and a well-defined subclass of 
biconformal spaces. In this section we find the consequences for the biconformal connection 
of vanishing torsion, the first of the necessary and sufficient conditions. Vanishing torsion 
guarantees that the solder form is in involution, allowing the use of the Frobenius theorem 
to constrain the form of the connection. 

Two remarks about the vanishing torsion condition are in order. First, we note that an 
involution for wg requires vanishing of only the momentum term of the torsion. However, 
since consistency with general relativity requires vanishing spacetime torsion, it is natural to 
begin by assuming the full torsion tensor is zero. The included vanishing of the cross-term is 
not a severe restriction, since there remain numerous unspecified fields among the curvature, 
the co-torsion and the dilation. 

Second, we will allow in this section the possibility of a separate assumption that the 
foliation provided by the solder form involution is regular. A foliation of a space S is regular 
if V points F, 3 a neighborhood A/p c S such that the leaf on which P lies intersects A/p 
only once. Regularity is the necessary and sufficient condition for the set of orbits to be a 
manifold. Thus, demanding regularity of the solder form foliation insures that the space of 
leaves is a 4-dimensional manifold. This 4-dimensional manifold is identified with spacetime. 
This is a useful assumption if one wishes to study torsion-free biconformal spaces without the 
additional assumptions of normality. For normal biconformal spaces, when all of conditions 
(1-3) hold, the regularity assumption is unnecessary because a second involution guarantees 
the existence of the spacetime sub-manifold. This automatic regularity in normal biconformal 
spaces is actually an improvement on the constuction of general relativity from Poincare 
symmetry principles, for which the involution of the vierbein must be assumed regular. 

Def: A regular torsion-free bieonformal spaee is a biconformal space with Pg = 0 and such 
that the resulting foliation is regular. 

As stated above, the torsion-free condition Pg = 0 places the solder form of a biconformal 
space in involution. As a result, the Frobenius theorem guarantees that the biconformal 
bundle is foliated by 11-dimensional manifolds, each of which is a principal sub-bundle with 
a 4-dimensional base manifold and 7-dimensional homogeneous Weyl group fibers. With 
these observations we begin our lemma. 
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Lemma: The connection of a (regular) torsion-free biconformal space may (locally) be put 
in the form 




— fa + Babe^ 

= Wae^ 

where e“ = e^°-{x)dxf^, fa = fa'^{x,y)dy^ and the coefficients Wa,Bab and (7“^^ are func¬ 
tions of x^ and j/^. The are four independent coordinates spanning the base manifold 
of the sub-bundle, while the x'^-coordinates are either coordinates on the manifold of 
orbits (when we assume the foliation regular), or are simply four coordinates inde¬ 
pendent of the ^-coordinates as guaranteed by the dehnition of a foliation. 


Proof: Imposing vanishing torsion, tig = 0, the structure equations take the form 


dco^ = + tig (4.1a) 

dujg = WqiVo “t ^o^b (4-16) 

dujl = wgwQ -I- + tig (4.1c) 

dwg = wgwg-h tl° (4. Id) 


The hrst step is to make use of the Bianchi identity following from eq.(4.1b). 
As discussed in Sec. (2), we take the exterior derivative, d^wg = 0 and replace all 
resulting differentials of connection forms on the right side of the equation using 
the corresponding structure equations. This leads to 

a;(;tlg = tlgo^g (4.2) 

The momentum term of this expression requires 

io;gtirV^S = (4.3) 

from which it immediately follows that 

= dgllg"^ (4.4) 

and since we have = 0 = We will not need the additional 

constraints from the spacetime- and cross-terms of eq.(4.2) and no further new 
constraints follow from the remaining Bianchi identities. 

The system may now be further simplified by making use of the involution of 
eq.(4.1b). This allows us to consistently set wg = 0 and hrst study the sub-bundle 
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spanned by the remaining eleven 1-forms. By the Frobenius theorem there exist 
coordinates such that each constant value of x^" singles out one leaf of the 
foliation. Thus, the solder form wg = 0 must be of the form w® = e“ = 
where are four additional independent coordinates. Also, let 

fa = fa ^( 2 ^) y)dy^ = 0Ja\a:=const. 

Each 11-dimensional x>^ = const, submanifold has the reduced set of structure 
equations 

ckv^ = iotiot (4.5a) 

df, = fau;°+u;ih + ill (4.56) 

du}Q = 0 (4.5c) 

which may be recognized as those of a 4-dimensional Weyl geometry with zero 
Riemannian curvature, zero dilation and nonvanishing torsion^. 

Since eq.(4.5c) implies a pure-gauge form for the Weyl vector we choose the 
gauge so that the Weyl vector ojq vanishes locally on each subspace, leaving the 
structure equations for a parallelizable Riemannian geometry. Similarly, the in¬ 
volution for Wj means that we can End a local Lorentz transformation making the 
spin connection vanish as well, and we are left with a connection on the reduced 
bundle of the form 

= wj) = 0 (4.6a) 

dfa = (4.66) 

Next, we reintroduce the remaining four independent 1-forms by allowing x'" 
to vary. From the linearity of the basis 1-forms in dx'^, and ujq will change 

only by terms proportional to e“. This gives an extension from a neighborhood 
in the 11-dimensional sub-bundle to a neighborhood in the full 15-dimensional 
bundle on which the connection takes the form; 



(4.7a) 

ujq = e“ 

(4.76) 

— fa + BabC^ 

(4.7c) 

= lTae“ 

(4.7d) 


^ Vanishing curvature implies parallelizability of the leaves. Therefore, unless one performs a perversely 
irrational pasting together of opposite sides of the momentum base space, the regularity of the foliation is 
automatic. 
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where the coefficients Wa,Bab and (7“^^ are functions of and ya- 
Finally, consider eq.(4.1b) with the connection in the form above. 

(ie“ = d^e'^dx^dx'" + e‘^dy fj.dx’' 

= tFfae''e“ + e'’C'“b^e" (4.1&) 

Since the solder form is proportional to but not the presence of only 
a single dy^dx’' cross-term requires = 0. Therefore, e“ depends only on x>^, 
completing the lemma. 

The form of the co-solder form found in eq.(4.7c) suggests the importance of the class of 
co-solder forms /a, which, together with e“, span the base space. Clearly, different choices of 
y-coordinate lead to different fa and Bab, with Bab transforming inhomogeneously. We end 
this section with the dehnition: 

Def: An e-co-basis is any collection of four 1-forms which together with e“, span the base 
space of a regular, torsion-free biconformal space. 

5. Normal biconformal spaces 

We now turn to our central theorem, showing that the conditions at the end of Sec. (3) 
are necessary and sufficient for a biconformal space to reduce to a vector bundle with a 
Riemannian spacetime as the base manifold. 

A few comments may make the usefulness of the idea of a “normal” space more transpar¬ 
ent. It is helpful to compare the concept of a normal biconformal space to a corresponding 
concept for general differential geometries with metric, with Riemannian geometry playing 
the role of a “normal” differential metric geometry. A general differential geometry with 
metric consists of a manifold with a metric and a connection. In general, the connection 
will be neither symmetric, nor compatible with the metric. Vanishing torsion and vanishing 
covariant derivative of the metric (non-metricity) provide necessary and sufficient conditions 
for the differential geometry to be Riemannian. What has been achieved, in fact, is unique¬ 
ness. These constraints on the geometry allow the metric (on a given manifold) to uniquely 
£x the connection. At the same time, the dehnition of a Riemannian geometry in terms of 
vanishing torsion and non-metricity tensors gives a classification of non-Riemannian geome¬ 
tries. Each invariant part (using symmetries, traces, etc.) of the torsion or non-metricity 
which is taken nonzero provides a distinct class of generalizations of Riemannian geometry. 

Similarly, our dehnition of a normal biconformal space simultaneously provides a rule for 
deriving a unique biconformal space from a 4-dimensional spacetime metric, and implicitly 
provides a classification of non-normal biconformal spaces. In this section we prove the 
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uniqueness, and in Sec. (6) we make use of a simple non-normal space to propose a new 
geometric theory of large-scale electromagnetism. 

Def: A normal biconformal space is a torsion-free biconformal space with exact Weyl form 
and closed dilational curvature, for which there exists an e-co-basis such that = 0. 

It turns out that the additional conditions of the dehnition allow us to drop the regularity 
requirement from the torsion constraint. We now state our central theorem. 

Theorem: The wg = 0 sub-bundle of a normal biconformal space, with hber gauge transforma¬ 
tions restricted to = A“^(x) and A°o = const, is homeomorphic to the Whitney 
sum bundle of the tangent bundle and the bundle of orthonormal Lorentz frames 
over a 4-dimensional pseudo-Riemannian spacetime with solder form e“. 

Proof: First, because ojq is exact we can perform a local rescaling to remove it globally. 

This places all that follows on a 14-dimensional snb-bnndle of the biconformal 
bundle. Now by lemma 1, noting that having wq = 0 from the start does not 
alter the proof, the connection may be written in the form: 

Lot = C\,e^ (4.7a) 

u;S = e“ (4.76) 

= /a + BabC^ (4.7c) 

w)] = 0 (4.7(i') 

where fa is chosen as the (or any) e-co-basis snch that = 0. Then eq.(4.1b) 
becomes 

de“ = (5.1) 

In the usnal way, eq.(5.1) may be solved nniquely for the spin connection in 
terms of the solder form, its inverse, and its hrst derivatives, making the spin 
connection pnrely x-dependent. 

^6 = w;)(e^(x)) (5.2) 

Clearly, the vanishing of Wg and the x-dependence of uj^ will be preserved iff we 
restrict any fnrther gauge transformations to the form A° g = const, for scalings 
and A“f, = A“j(x) for Lorentz transformations. 

Now consider the cnrvature, given by eq.(4.1a). Expanding 12)) in the (e“, fa) 
basis, and noting that the vanishing of the momentum term in the (a;g,u;°) 
basis guarantees its vanishing in the (e“,/o) basis, we have 

+ Affih + BaHe^)e^ + + ^ZfcC^ (5-3) 
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Since we may identify the expression du>^ - co^co^ with the usual 4-dimensional 
Riemannian curvature 2-form, the spacetime and cross-term parts of eq.(5.3) 
are respectively 


(5.4) 

(5.5) 

Now the trace-free condition = 0 holds if and only if the expression on 
the right hand side of eq.(5.4) is the trace-free part of the Riemann curvature, 
namely, the Weyl curvature. Eq.(2.2) for the Weyl curvature then lets us 
immediately identify 

Bab = B-ab (5.6) 

and eq.(5.4) becomes = C^. 

Now, since Bab = 'Bab is symmetric, eq.(4.1d) reduces to 

= fae^ (5.7) 

We note in passing that eq.(5.7) shows that tig is necessarily nondegenerate. 
Because it is assumed closed, it is symplectic [50]. The Bianchi identity for 
eq.(4.1d) reduces to 

= 0 (5.8) 

which implies vanishing momentum term for the co-torsion, = 0. There¬ 
fore, on the X = const, sub-manifolds, fa satishes 

dfa\x=const. = 0 (5.9) 

and we can hud coordinates such that 

fa = fa ^{x)dy^. 

Thus, rig = fa^{x)e^,°-{x)dy^dx^ = B[](a;). This condition will be rehned further 
below. 

Summarizing the proof so far, we have 

< = ^bHx)) 

^0 = e“(a;) 

^1 = fa + 7^a6(e(a;))e'’ 

u;g° = 0 
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with curvatures satisfying 


= C,“(e(x)) - 
ttg = 0 
oj] = /ae“ 

Finally we use eq.(4.1c). Expanding the co-torsion in the {e°',fa) basis we have 

df, + dUa = colh + LolUb + (5.10) 

Since e“ and fa are independent, eq.(5.10) separates into two parts, namely 

dUa = ujlUb + (5.11) 

dfa=u;ih + nllfte^ (5.12) 

The consistency of the separation follows because all of the coefficients of 
these equations are functions of x only. This means that the Bianchi identity 
of eq.(5.10) automatically implies both of the Bianchi identities following from 
eqs.(5.11) and (5.12) and vice versa. Not only do these equations £x the re¬ 
maining outstanding curvatures in terms of e“ and fa, but eq.(5.12) also shows 
that fa is in involution. Once again invoking the Frobenius theorem, we see 
that the biconformal bundle is foliated by a second set of 11-dimensional sub¬ 
bundles with Weyl group fibers and base manifold spanned by Thus, there 
are two foliations of the biconformal bundle by 11-dimensional sub-bundles 
such that the 4-dimensional base space for each is the space of leaves of the 
other. Since the Frobenius theorem guarantees that each base space is a mani¬ 
fold, we may conclude that both spaces of leaves are manifolds, hence regular. 
In particular, the torsion foliation is regular. 

On the /a = 0 manifold we have the structure equations 


= dw^ - Lolu;: - (5.13a) 

de“ = (5.135) 

^a\y—const. — (5.13c) 

0° = 0 = w)) (5.13d) 


Eqs.(5.13) are equivalent to eqs.(2.1) for a Riemannian geometry. 

Finally, returning to the torsion involution, at each hxed value of we 
have the single remaining structure equation 

dfa = 0 (5.14) 
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with all other connection forms vanishing. Therefore fa spans a flat 4-dim 
space. From the local Lorentz action on the biconformal hbers we see that 
the Lorentz group acts on this space, so even though we have not introduced 
a notion of orthogonality on the 4-dimensional subspaces, we can identify it 
with Minkowski space, up to global topology. We will assume trivial topology 
for this space, although it is simple to generalize to topologies which are quo¬ 
tients of Minkowski space by discrete subgroups^. In either case, there exists 
such a vector space at each point of the spacetime, so the wq = 0 slice of the 
biconformal bundle is the local direct product of a 4-dimensional Riemannian 
spacetime with the direct sum of vector spaces isomorphic to the Weyl group 
and Minkowski vector space (or a discrete quotient of Minkowski space). 

To conclude the proof we establish a particular vector space isomorphism 
between the Minkowski space (now assumed simply connected) spanned by 
fa and the tangent space spanned by First notice that such a mapping 
behaves correctly under Lorentz transformations. The reason is that dya and 
dx°- have opposite Lorentz transformation and dilation properties, as seen from 
eqs.(3.8b,c): 


Wq — A“ f, Wq A° g (3.86) 

C:l = k\u:lk\ (3.8c) 

Therefore, since e“ spans the co-tangent space, fa transforms in the same way 
as a tangent basis. 

To arrive at the appropriate mapping for the isomorphism between the 
Minkowski space spanned by fa and the tangent space we use 

0 = doo = d(/ae“) 

= daf^‘'dx°'dy^dx^ (5.15) 

where Since is a function of x only this may be written as 

df = 0, and we can hnd a chart on which f' = dz'' for some z''{x). This puts 
the symplectic dilational curvature into the Darboux form 

tig = dy^dz^ (5.16) 

^ In these non-trivial cases the vector addition must be made modular and the isomorphism established 
in the remainder of the proof is with the corresponding non-simply connected Minkowski space. In all other 
regards the proof is the same. 
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This result is actually slightly stronger than the usual Darboux theorem, since 
dz>^ is required to span the subspace of the torsion involution. 

Of course, in transforming to as the spacetime coordinate we have 
changed the components of the solder form, which may be written as 

3t^ 

e“ = = e^°-{x{z))dz'' (5.17a) 

At the same time the components of the co-solder form are altered according 
to 


fa = fa 

= f/e,^dy. 

= ea''{x{z))dy^ (5.175) 

SO that the co-solder form is determined entirely by the solder form. 

With the solder and co-solder forms related as in eqs.(5.17), the entire 
biconformal connection is fully determined by the 4-dimensional spacetime 
solder form. Moreover, we now have a uniquely specified mapping between 
the co-basis of the biconformal space and a basis in the tangent space, which 
preserves the usual dual-basis relationship between tangent and co-tangent 
bases. For if we have the dual bases 


(5.18) 


then we can set 


: fa 


(5.19) 


or for the coordinates 

^ ^ ( 5 - 19 ) 

where y^ and z"" are conjugate with respect to the symplectic form Clearly, 
the mapping of the bases establishes the isomorphism between the vector 
spaces, concluding the proof. 


Theorem I establishes a 1-1 relation between the class of wg = 0 sub-bundles of normal 
biconformal spaces and the class of 4-dimensional Riemannian geometries, since the converse 
obviously holds - given any Riemannian geometry we can immediately construct the Whit¬ 
ney sum of its tangent and ortho normal frame bundles, and invoke the isomorphism on 
the tangent space to provide the co-space basis. 
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The principal correspondence of Theorem I is immediately seen by the standard form of 
the normal biconformal connection and curvatures, which we collect here for future reference. 
Renaming we have connection forms 


Wfo = Wfc (e(x)) (5.20a) 

= e“(x) (5.206) 

= ea^ix)dy^ + 7^a6(e(x))e^ (5.20c) 

wg = 0 (5.20d) 

which lead to the curvatures 

= CS{e{x)) + (5.21a) 

= 0 (5.216) 

e'’e" = dUa - tolUb = DTZa (5.21c) 

nf,fbe^ = df,-u;tfb = Df, (5.21rf) 

he^ = (5.21e) 


Henceforth, we will speak of a Riemannian geometry and its corresponding normal biconfor¬ 
mal space interchangeably. 

Notice that the isomorphism b developed in the proof of the Theorem establishes for the 
entire class of normal biconformal spaces the identihcation of the co-space with momentum- 
like variables. In the simple one-particle picture of references [31, 33], the ^-coordinates 
are directly proportional to the components of the particle momentum. In the general 
held theories studied here, we see that dy^ is proportional to the generator of inhnitesimal 
translations. 

The results of Theorem I are valid as long as we restrict the Lorentz transformations of 
biconformal space to the usual x-dependent ones of Riemannian geometry and the rescalings 
to the usual constant ones. We can avoid the restriction against x-dependent scalings as well 
as the restriction to the wg = 0 sub-bundle by extending the homeomorphism in the following 
way. 

Corollary 1: A normal biconformal space with gauge transformations restricted to = 
A“,(x) and A°q = A°q(x) is homeomorphic to the triple Whitney sum bundle of 
the tangent bundle, the bundle of orthonormal Lorentz frames and the scale 
bundle over a 4-dimensional Weyl spacetime with vanishing dilational curva¬ 
ture. 

Proof: Off of the wg = 0 sub-bundle of a normal biconformal space, wg remains an exact 
form. If we embed the given Riemannian geometry as the W = 0 cross-section 
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of a Weyl geometry of vanishing dilation, then the 1-dimensional scaling hber of 
the Weyl geometry is isomorphic to the 1-dimensional hber of a;-dependent gauges 
A°Q(a;). This extends the homeomorphism to one between the x-dependent gauge 
sector of the whole biconformal space and the triple Whitney sum over a dilation- 
trivial 4-dimensional Weyl geometry of the tangent, orthonormal frame and scale 
bundles. 

We can go the hnal step and remove the restriction on the gauge transformations by 
recalling that a Finsler geometry is a differential geometry in which the metric and connection 
are allowed to depend on not only the coordinates, but also on tangent vectors to curves. 
Formulated as a hber bundle, the allowed orthonormal frame transformations of a Finsler 
space will depend on 4-velocities as well as the coordinates. This is precisely the sort of 
transformation provided by a general Lorentz transformation in biconformal space. Making 
the obvious generalization to a Weyl-Finsler geometry, we immediately see the full import of 
a normal biconformal space. Calling a Weyl-Finsler space trivial if it permits a cross-section 
on which it reduces to a Riemannian spacetime, we immediately have the following: 

Corollary 2: A normal biconformal space is homeomorphic to the triple Whitney sum 
bundle of the tangent bundle, the bundle of orthonormal Lorentz frames and 
the scale bundle over a trivial 4-dimensional Weyl-Finsler spacetime. 

In the remainder of this study, we will restrict our attention to the content of the central 
Theorem, since our principal interest lies in establishing the biconformal equivalent of stan¬ 
dard results in general relativity. As we show in the next section. Theorem I allows us to 
write the biconformal equivalent of the Einstein equation. Three facts make the biconformal 
Einstein equation simpler than the conformal Einstein equation - the separation of the Ricci 
and conformal parts of the curvature, the reduction of the dimension of the hber symmetry 
in biconformal space from 11 to 7, and the natural inner product. The Ricci tensor becomes 
part of the co-solder form with its curl contributing to the co-torsion, while only the confor¬ 
mal curvature remains as the spacetime term of the curvature of the spin connection. The 
reduced hber symmetry then insures that the Ricci tensor is in fact biconformally tensorial 
and the inner product allows complete isolation of the Ricci tensor. After using these facts 
to write the Einstein equation in biconformal space, we present a new geometric model of 
electromagnetism using some of the additional degrees of freedom present in more general 
biconformal spaces. 

6 . The gravitational and electromagnetic held equations in normal biconformal space. 

The most immediate importance of Theorem I is in establishing that the normal bicon- 
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formal equivalent of the Einstein equation is simply the Einstein equation itself. There are 
three principal reasons that this occurs. First, the separation between the curvature and co¬ 
torsion achieved in a normal biconformal space separates out the Ricci part of the curvature 
tensor as part of the co-solder form. Second, because the 8-dimensional base space removes 
the translations from the hber symmetry while leaving the Weyl vector to absorb rescal¬ 
ings, TZa transforms as a tensor even under rescalings. Finally, the natural inner product on 
biconformal spaces permits complete isolation of the Ricci tensor. 

Notice that arriving directly at the Einstein equation avoids the troublesome issue men¬ 
tioned in the introduction, namely, the cubic dependence of the conformal equivalent of the 
vacuum Einstein equation on the curvature [49]. While the biconformal conditions provided 
here are, of course, not invariant under all conformal transformations, they are invariant 
under local scalings. We discuss these differences below. 

To begin our study of field equations, we use the biconformal inner product to separate 
out the Ricci part of curvature. We immediately hnd the following corollary. 

Corollary 3: The Riemannian geometry of a normal biconformal space is Ricci flat if and 
only if the trace-free basis is orthonormal. 

Proof: The inner product in the trace-free basis is 

/a ^b\ /a b\ 

(e ,e ) — (wq,Wq) 

= 0 

= {u!q,U!^ — 

{fa, h) = {U^l - nacUjl,U;l - 

= -TZab — TZba 


(6.2a) 

(6.25) 

(6.2c) 


which is orthonormal if and only if 


Kab = 0, (6.3) 

Eq.(6.3) immediately implies Ricci-flatness. 

Therefore, Ricci flatness arises in biconformal space as an orthonormality condition on 
the standard normal biconformal basis. Indeed, the Ricci tensor is a direct measure of the 
degree to which the co-solder form fails to be null. 

By treating the co-solder projection Bab as initially independent of the curvature, we can 
use the tracelessness condition to impose the full Einstein equation including phenomeno- 
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logical sources for the gravitational field. Specifically, we let Bab be identified with an ap¬ 
propriately trace-altered form of the stress-energy tensor: 

Bab = %b =--^(Tab --^rjabT) (6.4a) 

Ta = Tabe’^ (6.46) 

where Tab is the stress-energy tensor and T is its trace. Notice that the (geometric) units for 
Tab are correct for this identihcation to scale properly. Then it follows immediately from the 
tracelessness condition, eq.(5.6), and eqs.(6.4) that 

Tla = Ta (6.5) 

Eq.(6.5) is simply the Einstein equation with the trace term partitioned differently between 
the Ricci and stress-energy tensors. It appears that the extra four dimensions and the 
resulting co-torsion helds represent various aspects of matter. We shall see this pattern 
continue when we consider a new geometric model for electromagnetism below. 

Recalling the remarks concerning gauging in Sec. (3), we see that under a local Lorentz 
transformation A’’ ^ and a local scale change e‘^, eq.(6.3) simply changes to 

e‘^7^^,A\ = 0 (6.6) 

and so Corollary 3 remains valid in any Lorentz-Weyl gange. Similarly, eq.(6.5) continnes to 
hold. Neither of these equations would be invariant nnder the conformal or inhomogeneous 
Weyl group, since the inverse translations would then change the co-solder form inhomoge- 
neously. Nonetheless, nnlike the Ricci tensor of a Riemannian geometry, the presence of the 

Weyl form (required to be exact but not necessarily zero in a normal biconformal space) 

keeps the scale transformation of TZa tensorial. As might be expected, the inhomogeneous 
transformation of the Ricci tensor resulting from inverse translations shows np instead in 
the coordinate transformations of the extra 4-dimensions. For example, if we dehne a new 
y-coordinate by setting 

yti = Zfj, + hfj,(x) ( 6 . 6 ) 

then eq.(5.20c) for the co-solder form becomes 

8h 

+ TZab{e{x))e^ + 

SO TZa picks np an additive contribntion. Of conrse, eqs.(6.3) and (6.5) are covariant with 
respect to changes of the a;-coordinate of the form x{x). 

This situation contrasts strongly with standard conformal gangings. For a 4-dimensional 
spacetime to be conformally Ricci-flat requires the existence of a scalar held d with gradient 
(j)fa = d.M satisfying 

DTZa - hC'^a = 0 (6.7) 
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By finding conditions on the Weyl curvature for the existence of a tensor field such 
that is nondegenerate, it is possible to solve this equation for (j>b. The conditions 

on which turn out to be cubic [49], then give a test for the conformal Ricci-flatness. 

The standard picture is improved somewhat if the usual connection on a Riemannian 
spacetime is extended to a conformal connection. This separates out various conformally 
covariant combinations of the curvatures, notably the Thompson-Szekeres-Yang term [49, 
51-53], DTZa- But the net result is still either eq.(6.7), or the reduction of the conformal 
connection to a Weyl connection. Of these two possibilities, only the reduction to a Weyl 
connection allows a fairly simple representation of the scale-invariant Einstein equation. But 
in that case, four of the conformal degrees of freedom are lost in the reduction to a Weyl 
connection. 

Moving to a biconformal gauging retains the maximal number of conformal degrees of 
freedom while gaining the simplifying advantage of a Weyl connection. Because normal 
biconformal spaces are essentially Weyl geometries, the Weyl vector takes care of the allowed 
scale transformations without requiring the solution of a more complicated set of equations. 
The elimination the inverse translations by using an 8-dimensional base manifold has removed 
those transformations which interfere with the invariance of the Ricci tensor, while retaining 
the increased number of transformations as coordinate instead of gauge degrees of freedom. 
As we have shown, it then remains possible to recover the usual Riemannian geometries of 
general relativity and the Einstein equation in a biconformally invariant way. 

Next we extend slightly beyond the constraints of normal biconformal spaces to look at 
a new geometric model for electromagnetism. Returning to the orthonormality condition of 
the corollary, it is evident that the basis becomes identical to the (e°',fa) basis when 

TZab = 0. This raises the question of what class of e-co-frames is orthogonal. The answer 
follows immediately from eqs.(6.2) with TZab replaced with a general matrix Bab- Clearly, 
changing the antisymmetric part of Bab has no effect on orthonormality. In order to allow 
Bab to have a nonvanishing antisymmetric part, we can replace the normality conditions of our 
central theorem by slightly weakening the tracelessness condition, since it is the tracelessness 
condition that forces Bab = TZab = Bta- Instead of 

BLc = 0 

we now require only the vanishing of the symmetric part, 

BLc + ^cab = 0 

This has the desired effect. Writing 

^a — fa + (Sab + Fab)e^ 


( 6 . 8 ) 

(6.9) 
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where Sab = Sta and Fat = -Fta, and imposing eq.(6.8) we easily find that Fab is undetermined 
while Sab = Fab- 

We must now check the effect of this change on the other structure equations. The 
remaining equations are 


(ie“ = 

(6.10a) 

dcu°a=^a^!+^l 

(6.106) 

duj^ = 0 = e“w° + 

(6.10c) 


Eq.(6.10a) has no effect on Fab, while the exterior derivative of eq.(6.10c) still implies = 0 
and thus = 0. This, in turn, allows us to write as before. Now when we combine 

eqs.(6.9) and (6.10c) and impose = 0 we find 

dF = -dil^o - d(e“/a) = 0 (6.11) 

and thence 


P[ai3,tj] = 0 (6.12a) 

F^^ = 0 (6.126) 

After seeing from eq.(6.12b) that Fab is independent of y^, eq.(6.12a) shows that it arises 
from a potential. Therefore, F is a closed 2-form on spacetime. 

Finally, we consider the effect of eq.(6.10b). Again substituting eq.(6.9) and using the 
independence of Fat from to separate off the fa terms, we are led to 

FF, + FFa = (6.13) 

so we find that the source for F, like that for the gravitational field, resides in the spacetime 
co-torsion. 

We can carry this result further if we use the usual spacetime metric constructed from 
the solder form, 

5a/3 = r7a6e„“e^'’ (6.14) 

and its inverse g°‘^ to contract the spacetime co-torsion. In components with the usual 
4-dimensional notation we start with 

~ Fa^.jj + — 'Fafj.-^y (6.15) 

Contracting on (a,d) we find 

= -F\,y + n,, - (6.16) 
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Then using the contracted Bianchi identity for the Einstein tensor we easily find = 

0 so the electromagnetic source neatly separates from the gravitational source as 

J, ^ (6.17) 

This geometric theory of electromagnetism is quite distinct from previous unihcations 
with gravity, including those based on scale-invariant theories. In Weyl’s original scale- 
invariant theory of electromagnetism [1], the Weyl vector is identihed with the electromag¬ 
netic potential. Though Weyl’s theory fails to agree with experiment, its biconformal version 
[33] provides a satisfactory unihcation. But the theory presented here makes an entirely dif¬ 
ferent postulate from either [1] or [33] for the identihcation of the electromagnetic held among 
the geometric variables. In the model of this section, the electromagnetic held strength is 
identihed with part of the co-solder form, and its source is identihed with a well-dehned trace 
of the co-torsion. The fact that the held arises from a potential is then a consequence of 
the biconformal structure equations. In this new model, and in direct contrast to previous 
scale-invariant EM-gravity unihcations, the Weyl vector vanishes. 

It is interesting to speculate that if we let the Weyl vector be non-zero in a biconformal 
space there would actually be two independent EM-like helds. Perhaps some combination of 
these can be successfully identihed with the photon and Z'^ pair of electroweak helds. There 
is clearly enough internal symmetry in biconformal spaces for such a model. Not only does 
the extra co-space allow a set of internal transformations, but there is also a 4-parameter 
class of invariant tensors. In addition, general biconformal spaces have far more helds than 
the normal biconformal spaces studied here. However, a great deal more research is required 
to determine how to identify the helds correctly and to check the consistency of the resulting 
models. 

7. Summary 

We have found the necessary and sufficient conditions on an 8-dimensional gauging of 
the 15-dimensional conformal group for the wg = 0 slice of the resulting normal biconformal 
space to be homeomorphic to the Whitney sum bundle of the tangent and orthonormal 
frame bundles of a 4-dimensional Riemannian geometry. Our central theorem provides for 
the immediate unique extension of a general Riemannian spacetime to a normal biconformal 
space. 

In addition, we have written the Einstein equation for general relativity in a scale- 
invariant form using the Weyl structure of the biconformal bundle. Also, by slightly weak¬ 
ening one of the normality conditions we provide a new geometric candidate for the elec¬ 
tromagnetic held and show how to specify the biconformal helds to enforce the Maxwell 
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equations. The model therefore provides a scale-invariant geometric unification of general 
relativity and Maxwell electromagnetism. 


The author wishes to thank Y. H. Clifton for many helpful discussions and C. G. Torre 
and A. Wehner for their carefnl readings of the manuscript. 
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